Abstract. We prove in this note a stabilized version of a conjecture on A 1 -connectedness of A. Asok and B. Dorant [AD09, Conj. 2.18]. For the stabilized version of this conjecture, we introduce the notion of stable A 1 -connectedness, which is can be seen as the stabilization of A 1 -connectedness. The notion of stable A 1 -connectedness is in connection to the existence of zero cycles of degree one rather than rational points.
Introduction
Let k be a base field. We denote by H(k) the unstable A 1 -homotopy category constructed in [MV01] . A k-space X is A 1 -connected, if π In this note, we establish the stabilized version of this conjecture. Denote by SH(k) resp. SH s (k) the P 1 -stable resp. the S 1 -stable homotopy category.
Definition 1.2. Let X ∈ Spc(k) be a k-space. X is stable (Spec k) is a split epimorphism if and only X has a zero cycle of degree one, where X is a smooth proper scheme over k. So if X is a smooth proper stable A 1 -connected k-scheme, then the index of X over k is necessary equal to 1. Of course, the existence of a rational point over k will imply the existence of a zero cycle of degree one over k. Now we state the following result:
We fix an infinite field k. Very similar to SH(k), whose homological t-structure is described
, which is the category of homotopy modules. Recall (cf. [AH11, Defn. 3.3.1]) that a homotopy module is a pair (F * , ε * ), where F * is a Z-graded strictly A 1 -invariant sheaf and for each n ∈ Z one has an isomorphism of abelian sheaves
One denotes by Ab stA 1 (k) the category of homotopy modules, whose morphisms are homogeneous natural transformations of Z-graded sheaves compatible with the isomorphisms above. One has
One has canonical bijection contravariantly functoral in X :
This implies immediately the following Proposition 2.2. Let X be a k-space. X is stable A 1 -connected if and only if for any
(X) is a birational invariance in sense that if X and X ′ are birationally equivalent smooth proper k-varieties, then H
. Thus, it is enough to see that H
(1 k ). This follows immediately from the distinguished triangle Throughout this section, we fix a base field k, which is an infinite perfect field of char(k) = 2. Let X be a smooth projective stable A 1 -connected k-scheme. We write Z = X \ U for the complement and c = codim X (Z) ≥ 2. Assume first of all Z is smooth, remark that we can use the stable A 1 -connectivity theorem (cf. [Mor05] ) of F. Morel to prove immediately the theorem, however we give here in the first part another proof including duality and calculation with A 1 -cohomology. Consider then the Gysin triangle in D A 1 (k) (see [Deg08] )
This yields an exact sequence of abelian groups
where L ∈ F k is a separable finitely generated field extension over k. By definition, we have Hom
(X)(L) and analogously for U. Now we prove that the other two terms in the exact sequence above are trivial. By Atiyah-SpanierWhitehead duality in D A 1 (k) (see [AH11, §3.5]), we can write
where the vector bundle V Z comes from [Voe03, Thm. 2.11] and n Z denotes its rank. Here we write d Z = dim(Z) and H * stA 1 (−, Z( * )) is the A 1 -stable cohomology. We compute first of all
, it is nothing but the hypercohomology H * N is (−, Z A 1 ( * )). Consider the hypercohomology spectral sequence
. As H q (Z A 1 ( * )) = 0 for q > * (a consequence of Morel's stable A 1 -connectivity theorem) and K KW * = H * (Z A 1 ( * )) for * > 0 (a consequence of stable Hurewicz theorem), we have a canonical homomorphism
Since c ≥ 2, which implies that 2(c + n 
) is trivial. Let j > 0 be a natural number, we consider the groups
These groups can be rewritten as H
. So the same argument with the spectral sequence of hypercohomology as above yields
which are trivial again by cohomological dimension reason (c ≥ 2). So we may conclude now that the stable
In general, if Z is not smooth, since k is perfect, there is a finite stratification of closed subschemes of Z
such that each Z i \ Z i+1 is smooth in X \ Z i+1 . So we may prove recursively and come back to the case when Z = Z d X , which follows from the previous case, since 0-dimensional schemes are smooth. More precisely, let us consider the Gysin triangle
where all c i ≥ 2. As before, we apply the functor Hom D A 1 (k) (C 
The last group must vanishing according to the stable A 1 -connectivity theorem of F. Morel [Mor05] , as c i ≥ 2 and j = 0, 1.
